We construct a family of Order-Regular matrices of size m×n such that m ∼ Ω 10 √ 33 n . Previously
With other words, for all pairs (i, j), there exists a column k in A such that at the entries i, i + 1, j, j + 1 in this column, we see either 0, 1, 1, 1 or 1, 0, 0, 0. Note that the Order-Regularity condition is invariant under permutation or negation of its columns. By negating a column, we mean changing all 0-entries to 1 and vice versa. Also observe that each pair (i, j) can be considered as a constraint to be satisfied by some column of the matrix. If some matrix fails to satisfy some constraints, adding columns can only help to satisfy these missing constraints.
Order-Regular matrices have been introduced by [Han12] in an effort to bound the computational cost of iterative algorithms for Markov Decision Processes and Parity Games. See also [HGDJ14] for a computational study of Order-Regular matrices. Example 1. The following construction provides Order-Regular matrices for arbitrarily large n and m = Ω √ 2 n . For n = 2ℓ − 1, this construction inductively builds a matrix A (ℓ) as follows: Our goal is to construct Order-Regular matrices that are asymptotically as large as possible for a given number of columns n. More precisely, we would like to beat the simple construction that achieves m ∼ Ω √ 2 n rows. 
The construction
Our construction is somehow a generalization of Example 1. We start from a building block B = B
(1)
with n 1 = N columns and m 1 = M rows, analogously to the initial block A (1) in the simple construction, and require that this building block satisfies some special property. Then we iteratively blow up the building block to obtain a matrix B (ℓ) with n ℓ = ℓN + 2(ℓ − 1) columns and m ℓ = M ℓ rows. In the end, we can build Order-Regular matrices with n columns and m rows such that:
for arbitrarily large values of n. Furthermore, we found a suitable building block with N = 8 columns and M = 33 rows ensuring for arbitrarily large values of n, i.e. exponentially more rows than the construction from Example 1.
The rest of this section describes our construction and is thereby a proof of Theorem 1.
The building block
We require the following Strong Order-Regularity condition on the building blocks which is a restriction of the Order-Regularity condition.
Definition 2 (Strong Order-Regularity). We say that B ∈ {0, 1} M×N is Strongly Order-Regular iff
(1) for every pair of rows i, j of B with 1 ≤ i < j ≤ M , there exists a column k 1 such that:
(the original Order-Regularity condition);
(2) for every pair of rows i, j of B with 1 ≤ i and i + 1 < j ≤ M , there exists a column k 2 (necessarily different from k 1 ) such that:
Again, we choose the convention that B M+1,k = B M,k and the last two rows are required to be distinct.
Basically, at the entries i, i + 1, j, j + 1, we now ask for one column k 1 at which we observe either 0, 1, 1, 1 or 1, 0, 0, 0 and for another column k 2 at which we observe either 0, 1, 0, 0 or 1, 0, 1, 1. Clearly, this second column could not exist if we had j = i + 1, hence we do not ask for its existence in that case. A Strongly Order-Regular matrix with 8 columns and 33 rows is given in Figure 1 , on the left.
Blowing up
We now define the recursive blow-up step and explain why the result is ensured to be Order-Regular. The construction is given in Figure 1 , on the right. Throughout the construction, we need to assume that every iterate has an odd number of rows, which is ensured as soon as the building block has an odd number of rows itself.
We start with a matrix B = B (1) and use the following iterative method to build larger ones. The matrix B (ℓ) is decomposed into M similar vertical blocks but three distinct parts horizontally. These parts ensure different Order-Regular constraints. 1. The C blocks-the first n ℓ−1 columns-correspond to copies of the previous iterate B (ℓ−1) . They ensure any constraint (i, j) within the range of any vertical block b.
As with the simple construction, B (ℓ−1) is obtained from B (ℓ−1) by negating some of its columns such that the first row of a block C b is identical to the last row of C b−1 . (Note that the last row of B (ℓ−1) automatically becomes identical to the first row of B (ℓ−1) as well.) This is needed to agree with the convention in the Order-Regularity condition when j corresponds to the last row of a block.
The D blocks-the next N columns-aim to satisfy (almost) all inter-block constraints (i, j).
A block Unfortunately, the above reasoning fails if b j = b i + 1 because there cannot be a column k 2 such that B i+1,k2 = B j,k2 in that case. This is the reason why two additional columns are required in the construction.
3. The last two columns are there to resolve the inter-block constrains (i, j) such that i and j belong to adjacent blocks b i and b j = b i + 1. However, we only have a problem when i corresponds to an even entry 1 of the block b i . In Figure 1 , s corresponds to a vector of switches 0 1 0 · · · 1 0
T and z to a vector of zeros 0 0 0 · · · 0 0 T . It is not hard to see that these two extra columns are all we need to resolve these missing constraints.
Summary
We showed that if the iterate B ℓ−1 is Order-Regular, then B ℓ is Order-Regular as well. Since the building block B
(1) , of size M × N is Order-Regular, it means that we found a way of building m × n Order-Regular matrices with m = M ℓ and n = ℓN + 2(ℓ − 1) and hence the relation (1).
Conclusions
The fact that we found a 33 × 8 building block results in an improvement over the Ω √ 2 n bound from the construction of Example 1. We can expect that even better building blocks exist. However, finding them is a hard, yet interesting computational challenge.
